Lecture 24 Diagomlizaﬁow

% Let A be an nxn matrix.

(1) A &iagomhzaﬁon of A is an expression

A=PDP"

with an wvertible watrix P ond o diogonal watrix D.

2) An eigenbasis for A is o basis of R whose elements are all
eigenvectors of A

Tho An on nxn matrix A hos o diogonalization

& R has on eigenbasis for A

pf Take the linear transtormation T with standard matrix A
R' hos an eigenbosis ®=1V, ¥V, Wl for A
[with AV =\Vi for some \ielR]
& R hos o basis B such that the B-woatrix of T is

_}\\ O -0
o= 80

Lo o) "'A”J

& A=PDP" with D=~RAg being diogonal

Note For a &iaaovxahzaﬁon A=PDP", 4he columns of P form an

eigenbasis Qor A with the correspom&iﬂg eige\nva\ues giveﬂ ‘og the

&iagovxa\ entries of D.



Prop Let A be an nxn wmalrix.

(1) Eigenvectors of A fhat correspond fo distinet eigenvalues are
linearly independent .
2 R hos an eigenbasis for A
& The geometric multiplicities of all eigenvalues odd up to
Note If IR hos an eigenbosis for A, it is formed by merging bases
of all eigenspaces.

Prop £ on nxn motrix A has n distinet eigenvalues , it hos o

diagonalization .
P_\Q A hos n distinet eigenvalues o, ol , -y oky
= PN = (A=) A=ty ) - (A=ckn)
= All eigenvalues of A have algebraic mulfiplicity |
= All eigenvalues of A have geometric multiplicity |
= The geometric multiplicities of all eigenvalues add up to n
(1+1++1=l'n=mn)
= R has on eigenbasis for A
= A hos o diagonalization
Note It is possible that A has o diagonalization without having

n distinet e‘lgevxva\ues .



Ex If possible, diagonalize each motrix by writing it as PDP" with

an invertible wotrix P and a chagom\ motrix D

m A= [% 12}

Sol PN =N =(24+2) A+ (22-1-1) = N =4A+3= (A= 1)(A~3)
= A hos eigenvalues A=1,3
= A s ﬂiagomhzab\e

A-1= [ }—?RREFF\I { J
(A-T1)X =0 = X +%=0= %= —X—T—> t[ﬂ
= Nul(A=1) hos a basis given by V:[-Il}

-3 = {" _',} = RREF(A-3T)= [%) O'}

(A-3D)T=T =) X~%=0 =) X=X Y:fm

2=t
= Nul(A=3T) has a basis given by \TJZ[:}

Hence A has a &iagomhzaﬁon A=PDP" with

N 1O eigenvalues
p= || ond D= 03 for V,W
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Sol B is triongular = B has eigenvalues A=1,3 [ diagonal entries |

O |
_ ., nD_T_ col 3 with
A=1 Bl { %) é:| no leading 1's

= dim(Nul(B-T)] =1

@
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2
4} = RREF(B-1)= {
(0]

002 0 0| 1, col 2 with
\=3. B-=3L=|0 0 4| =5 RREF(B-3L)=|o 00| """
O 0 -2 OODOODO no leading S

= dim(Nul(B-3T)) =2

B is &iaaomhzab\e :

_ =% -
(B_I)Yzﬁéix‘ + X3 O:>i>< X %Y:-ﬁ{-:l

Yat2%:=0 | Ya=-2%s |,

3

-|
= Nul(B=1) hos a basis given by \7—[—2}
|

| 0|
(B=31)X =7 = X:=0 %Y—slio}#{l
0 0

[ 0
= Nul(B=31) hos a basis given by V= D:|]W:|il}
Hence B hos a &iagomlizaﬁovx B=PDP" with

| OO eigenvalues
and D=| 030/ 4 705
OO0 3
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3) C=[02 %
O O |

Sol C is Jrricmgu\ar = C has eigenvalues A= 1,2 (&iaaom\ entries |

|| Do | 4
A=1:C-I=|0 1 3|= RREF(C-T)=| 0@ 3 col 3 with
O O OO0 O

no leading 1's
= dim(Nul(C-T)) =

owp

4

O | @
A=2: C—2I=|00 3| = RREF(C—2I)= 0
O O (0]

OOo0Oo

o| "o leadmg 1's

(%:| col 1 with
-

= dim(Nul(C-21)) =

C is [noJr diagonalizable| [ sum of geometric multiplicities s 1+1=2]




